Neural information processing models largely assume that the patterns for training a neural network are sufficient. Otherwise, there must exist a non-negligible error between the real function and the estimated function from a trained network. To reduce the error, in this paper, we suggest a diffusion-neural-network (DNN) to learn from a small sample consisting of only a few patterns. A DNN with more nodes in the input and layers is trained by using the deriving patterns instead of original patterns. In this paper, we give an example to show how to construct a DNN for recognizing a non-linear function. In our case, the DNN's error is less than the error of the conventional BP network, about 48%. To substantiate the special case arguments, we also study other two non-linear functions with simulation technology. The results show that the DNN model is very effective in the case where the target function has a strong non-linearity or a given sample is very small.
Introduction
Artificial neural networks have received extensive attention during the last two decades. It is well known that they can solve many practical problems as pattern recognition [21] , function approximation [24] , system identification [17] , time series forecasting, etc. [5, 20] .
Neuro-fuzzy modeling is concerned with the extraction of models from numerical data representing the behaviour of a system. The models in this case are rule-based and use the formalism of fuzzy logic, i.e. they consists of sets of fuzzy ''if-then'' rules with possibly several premises [18] .
Neural information processing models largely assume that: (i) the patterns are compatible; (ii) the learning patterns for training a neural network are sufficient.
If the patterns are contradictory, the neural network does not converge because the adjustments of weights and thresholds do not know where to turn. In 1996, Huang and Ruan [13] used the information diffusion method [7, 8] and the falling shadow theory [25] to construct an information diffusion network (IDN) based on BP algorithm to solve the problem of contradictory patterns. An IDN always converges. For every result of IDN method, its reliability can be analysed conveniently. In 1999, Huang and Leung [12] suggested a hybrid fuzzy-neural-network to estimate the relationship between isoseismal area and earthquake magnitude. In the model, the information diffusion method is employed to construct fuzzy ''if-then'' rules as many as the given observations. Integrating the rules to form an information-diffusion-approximate-reasoning estimator (IDAR), we can change contradictory patterns to be compatible for training a BP network. The hybrid-model estimator is more precise than the linear-regression estimator, and more stable than the conventional BP-neuralnetwork estimator. These two hybrid models put forward the case that contradictory patterns can be learned by neural networks. In other words, with the help of the information diffusion technique [10, 14] , we have resolved the problem related to contradictory patterns.
If the learning patterns are insufficient, it is impossible to recognize a nonlinear system, i.e, there must exist a non-negligible error between the real function and the estimated function from a trained network. Developing the information diffusion technique, in this paper, we suggest another hybrid model to reduce the error of estimated function from a BP network trained by a small sample.
Conventional BP networks trained by small samples
A neural network can be understood [16] as a mapping f : R p ! R q , defined by y ¼ f ðxÞ ¼ uðWxÞ; where x 2 R p (R p ¼ R p , R is the set of real numbers) is the input vector, y 2 R q is the output vector. The weight matrix W is a p Â q matrix and u is a non-linear function that is often referred to as the activation function. The typical activation function is the Sigmoid function uðxÞ ¼ 1 1 þ e Àax ; a > 0:
The mapping f can be decomposed into a chaining of mappings; the result is a multi-layer network
The algorithm for computing W is often called the training algorithm. The most popular neural networks are the multi-layer back-propagation networks whose training algorithm is the well-known gradient descent method. Such networks are called BP networks.
A conventional BP network (CBPN) consists of an input layer (the first layer), an output layer (the last layer), and some hidden layers. To recognize a function with p input variables and q output variable, in general, we set p nodes in the input layer and q nodes in the output layer. In other words, the number of nodes in the first and last layer is just equal to the number of input and output variables, respectively.
Relationships between variables are most often recognized by learning neural networks with data or patterns collected. The approach is also called adaptive pattern recognition [19] . For the majority of cases, the applied neural networks, from a statistical point of view, solve conditional estimation problems [15] . The celebrated back propagation error algorithm used for training feed forward neural networks is shown to be a special case of gradient optimization in the sense of mean squared error [22] . Feed forward neural networks are analyzed in [27] for consistent estimation of conditional expectation functions, which optimize the expected squared error.
In the learning phase of training such a network, we present the pattern x p ¼ fi pi g as input and ask that the network adjust the set of weights in all the connecting links and also all the thresholds in the nodes such that the desired outputs y p ¼ ft pk g are obtained at the output nodes. Once this adjustment is made, we present another pair of x p ¼ fi pi g and y p ¼ ft pk g, and ask that the network learn that association also. In fact, we ask that the network find a single set of weights and biases that will satisfy all the (input, output) pairs presented to do it. This process can pose a very strenuous learning task and is not always readily accomplished.
In general, the outputs fo pk g of the network will not be the same as the target or desired values ft pk g. For each pattern, the square of the error is
and the average system error is
where P is the sample size and the one-half scaling factor is inserted for mathematical convenience. A true gradient search for minimum system error should be based on the minimization of expression (1) . A number of authors have discussed the property of universal approximation with respect to neural networks. For example, in 1989 Cybenko [2] and Funahashi [4] showed that any continuous function can be approximated by a neural network with one internal hidden layer using sigmoidal non-linearities. Also in 1989 Hornik et al. [6] proved that multi-layer networks using arbitrary Squashing functions can approximate any continuous function to any degree of accuracy, provided enough hidden units are available. However, in 1995, Wray and Green [28] proved that, due to the fact that networks are implemented on computers, the property of universal approximation (to any degree of accuracy) does not hold in practice.
Their results come from an assume that we can get patterns as many as we need to train networks. Otherwise, what will happen? Let us consider a simple non-linear function
Our task is to learn the function with the following sample: 
A conventional BP network ( Fig. 1 ) with one input node, and one output node can be used to learn from this small sample. The number of input and output nodes correspond to the number of input and output dimensions, respectively.
It is acknowledged that is difficult to determine the number of hidden nodes. That is why numerous algorithms can be found [1, 3, 11, 26] . Many have believed that a network with the minimum number of hidden nodes is the best generalizing network. This is not true. It is quite easy to show by example that sometimes a network with more than the minimum number of hidden nodes generalizes better. Our interest of this paper is not this topic. The approach we use to find the number of hidden nodes is to start with a few numbers of nodes, then slightly increase the number, until no significant improvement is noted. In our case, the result of this approach reveals: the number of hidden nodes is 15.
Let the momentum rate be g ¼ 0:9 and the learning rate be a ¼ 0:7. After 6 000 000 iterations, the normalized system error is 0.0000000773. Fig. 2 shows the real function y ¼ x 2 in the thick curve and the estimated function of trained BP network in the thin curve. We could get the result that the estimated one is not close to the real one for many values of x in ½0; 1.
We may increase the sample size, which must always be of benefit, but it may imply more expense if data collection is costly, as when, for example, dangerous real measurements or complex technical experiments have to be performed. In this situation we would like a new viewpoint which would help us to improve estimated functions of trained BP networks on a small sample. 
Small-sample problem and information diffusion techniques
From a small sample, any classical network cannot recognize a non-linear function. Is there any techniques to ease the problem? The answer is positive. The principle of information diffusion [14] asserts that, when we use an incomplete-data set to estimate a relationship, there must exist reasonable diffusion means to change observations into fuzzy sets to partly fill the gap caused by incompleteness and improve non-diffusion estimate.
The information diffusion techniques were suggested to deal with so-called small-sample problem by fuzzy set theory.
Let X ¼ fx 1 ; x 2 ; . . . ; x n g be a given sample, called a data set, drawn from a population X. We assume that X will be employed to estimate a relation R in X. Definition 1. Give a sample X . Let R be the real relation we want to know. X is called a correct-data set to R if and only if there exists a model c in which we can obtain an estimate
Let the size of X be n. Let U be the universe of the relation R described by X. For example, the universe of the relation y ¼ 1:5x is R Â R, i.e., U ¼ R 2 . The set of all random samples with size n drawn from X is called the n-sample space of X, denoted by X n . The set of all models by which we can estimate R with a given sample is called the operator space, denoted by C. 8X 2 X n , 8c 2 C, we use r c X ðuÞ to denote the estimate of R at a point u 2 U with X by c. 
Definition 3. X n is called an incomplete sample space of X if and only if 9X 2 X n and X is handicapped.
Definition 4. X 2 X n is called an incomplete-data set if and only if X n is incomplete.
An incomplete-data set X is called an incomplete sample. In a situation with an incomplete sample, we say that we face a small-sample problem.
Definition 5. Let X be a sample and V be a subset of U . A mapping from X Â V to ½0; 1 l : X Â V ! ½0; 1; ðx; vÞ 7 ! lðx; vÞ 8ðx; vÞ 2 X Â V ð5Þ
is called an information diffusion of X on V if it is decreasing: 8x 2 X , 8v 0 ; v 00 2 V , if kv 0 À xk 6 kv 00 À xk then lðx; v 0 Þ P lðx; v 00 Þ. l is called a diffusion function and V is called a monitoring space.
Definition 6. The trivial diffusion is defined by
Definition 7. DðX Þ ¼ flðx; uÞ j x 2 X ; u 2 U g is called the sample of fuzzy sets (FS) derived from X on U by information diffusion.
Definition 8. Let X be a given sample which can be used to estimate a relationship R by the operator c. If the estimate is calculated by using the FS DðX Þ, the estimate is called the diffusion estimate of R, denoted by
where lðx i ; uÞ is a diffusion function of X on U . Correspondingly, the estimated relationship b R that directly comes from a given sample X by an operator c is denoted as b Rðc; X Þ. It is called the nondiffusion estimate of R.
Corollary 1. A trivial diffusion estimate is a non-diffusion estimate.
One easily verifies any kernel function KðxÞ [23] as a diffusion function is sufficient and conservative.
The principle of information diffusion. Let X ¼ fx 1 ; x 2 ; . . . ; x n g be a given sample which can be used to estimate a relationship R on universe U . If and only if X is incomplete, there must exist a diffusion function lðx i ; uÞ and a corresponding operator c that leads to a diffusion estimate e Rðc; DðX ÞÞ such that it is nearer to the real R than any non-diffusion estimate.
The principle of information diffusion guarantees the existence of reasonable diffusion functions to improve the non-diffusion estimates when the given samples are incomplete. In other words, when X is incomplete, there must exist some approach to pick up fuzzy information of X for more precisely estimating a relationship as function approximation. However, the principle does not provide any indication on how to find the diffusion functions.
Although the principle is given as an assertion, it holds, at least, in the case of estimating a probability density function (pdf), as proven in [7] .
After researching the similarities of information and molecules in diffusion action, we can obtain a partial differential equation [7] to represent the information diffusion. Solving the equation, we obtain a diffusion function
named normal diffusion, because the function is just the same as the normal pdf.
According to computer simulation test results, we suggest the following formula to calculate h h ¼ 0:6841ðb À aÞ for n ¼ 5; 0:5404ðb À aÞ for n ¼ 6; 0:4482ðb À aÞ for n ¼ 7; 0:3839ðb À aÞ for n ¼ 8; 2:6851ðb À aÞ=ðn À 1Þ for n P 9;
where
h is called diffusion coefficient.
Deriving patterns by information diffusion
Let X ¼ fx 1 ; x 2 ; . . . ; x n g be a given sample with input a and output b, i.e., x i ¼ ða i ; b i Þ, that will be used to train a BP network.
That data X is incomplete implies that the patterns are insufficient. In other words, we need more patterns to train the BP network for obtaining a more accurate estimate of input-output relation. The new patterns obtained from this X are called derivative patterns from X .
According to the principle of information diffusion we know that, there must exist a diffusion function l and a corresponding operator that lead to a diffusion estimate nearer the real input-output relation.
The simplest model based on this principle to derive patterns is suggested in [9] where an observation x 2 R is used to derive 10-50 points through a pseudo-random generator controlled by pdf
By this way, we can reduce the error of estimate of pdf from which X was drawn. Developing the above model to be a 2-dimensional model for deriving patterns from x i ¼ ða i ; b i Þ is good in theory, but does it work in practice? In the case of training a BP network, the experiment failed. The reason is that the deriving patterns may be contradictory. The neural network does not converge. The more the derivative patterns, the more difficult the training.
The failure of the conventional BP network for a small sample tells us (1) We need a new model for deriving patterns to improve BP estimate. (2) We need a new topology BP network to replace the 1-K-1 network for learning derivative patterns. Let us consider what we can do with the normal diffusion function shown in (8) . This lðx; uÞ is a membership function of a fuzzy set that can be written as l x ðuÞ ¼ lðx; uÞ; x 2 X ; u 2 R: ð11Þ
According to the relation between the membership and possibility [29] , l x ðu 0 Þ can be translated to be the possibility that u ¼ u 0 . Thus, we get a possibility distribution p 0 ðuÞ on R associated with variable u from x
The normal diffusion derives the following possibility distribution
The nearer the u is to x, the larger the possibility to be equal to x. The largest possibility is 1=ðh ffiffiffiffiffi ffi 2p p Þ. The corresponding normalized distribution is
where the largest possibility is 1. Recall that our derivation problem is to design a model using the n labeled patterns ða i ; f ða i ÞÞ, i ¼ 1; 2; . . . ; n (n is small as n ¼ 5) to estimate mapping f as precisely as possible. In general, we use ðx i ; y i Þ to denote ða i ; f ða i ÞÞ. We want to find y ¼ f ðxÞ by a BP network on the labeled patterns ðx i ; y i Þ.
If the linear correlation coefficient r that measures the strength of the relationship between the paired x and y values in a sample is 1, the function f must be a line. In other words, for a given sample X with r ¼ 1, it is unnecessary to derive any new pattern. It seems fairly obvious that r is an important information for deriving patterns. It can be calculated by
For example, using formula (15) to find u from x as a derivative point. However, the neural network still does not converge. In fact, we never consider the normal diffusion with the coefficient calculated by formula (9) can fit any case. For our case that a diffusion function is employed to derive patterns to improve training BP networks, the normal diffusion and its coefficient may not be the best choice. The derivative patterns may be more contradictory so that they produce convergence problems. However we know that, the nearer the derived patterns are to the given pattern, the smaller the contradiction. A linear correlation coefficient r also provides some information to assign the distance from a given pattern to a derived pattern. When r ¼ 1 we assign value 0 to the distance between a given point x and its derivative point u. When r ¼ 0:96 we assign 0.999999 to the distance. In this way, we can avoid convergence problems.
In general, if the linear correlation coefficient of a sample 
where both h x and h y can be obtained by using formula (9) , to derive new pattern ðx; yÞ.
We define a mapping w to represent this change w : r ! poss ðpossibilityÞ; 
We have
Hence, from x i we can derive three points
x ln wðrÞ q with poss ¼ wðrÞ;
x i with poss ¼ 1; 
Diffusion-neural-network
Using the above deriving model, from a given sample X ¼ fðx i ; y i Þ j i ¼ 1; 2; . . . ; n; x i ; y i 2 Rg; ð24Þ
where each pattern has one input value and one output value, on the assumption that y ¼ f ðxÞ is increasing, we obtain 3n derivative patterns so that we have a new sample 
. . . ; n, are calculated by using (21) and (22) . In this new sample each pattern has two input values and two output values. This sample also can be written as X 0 ¼ fððx dj ; poss j Þ; ðy dj ; poss j ÞÞ j j ¼ 1; 2; . . . ; 3ng; ð25Þ where
. . . n;
Above derivative sample can be used to train a conventional BP-neuralnetwork with two nodes in the input layer, and two nodes in the output layer. That is a topology 2-K-2 BP network to replace 1-K-1 network for learning derivative patterns. Its architecture can be shown by Fig. 3 , called diffusionneural-network (DNN). In the input layer, one node is for the variable x, another is for the possibility poss. In output layer, one node is for the variable y, another is for the possibility poss.
We can regard x 0 as ðx 0 ; 1Þ to be an input of the trained DNN. If the output of the DNN is ðy 0 ; zÞ and z is near 1, we say that the estimated value is y 0 . In this way, we can get a new estimated function from a given sample X .
Let us define the benefit from the DNN model. We suppose that the real function is y ¼ f ðxÞ. We use the notation y ¼ CBPN ðxÞ for the input x producing output y calculated by a conventional BP network. We use y ¼ DNN ðxÞ for the input x producing output y calculated by a DNN.
To measure the error between the real function and an estimated function, we take some points in domain of the real function to make a set
Let
and
called the average square errors. Obviously, s DNN < s CBPN means the DNN estimate is nearer the real function than the estimate from the conventional BP network. In this case, the benefit of DNN is defined by
It means DNN can reduce the error of CBPN estimate in B.
An example
We will study X ¼ fðx i ; y i Þ j i ¼ 1; 2; 3; 4; 5g ¼ fð0; 0Þ; ð1=4; 1=16Þ; ð1=2; 1=4Þ; ð3=4; 9=16Þ; ð1; 1Þg Using formula (15), we obtain linear correlation coefficient r ¼ 0:96. According to the definition of wðrÞ given by (18) and using formulas (21) and (22) , from one pattern in X we can obtain tree derivative patterns. For example, from the second pattern ðx 2 ; y 2 Þ ¼ ð1=4; 1=16Þ, we obtain 
Second, we use the derivative sample to train a DNN with two nodes in the input layer, one hidden layer with 15 nodes, and two nodes in the output layer. Let the momentum rate be g ¼ 0:9 and the learning rate be a ¼ 0:7. After 6 000 000 iterations, the normalized system error is 0.0000004569. Fig. 4 shows the real function y ¼ x 2 in solid curve and the estimated functions from a CBPN and a DNN. We could get the result that the estimated function from the DNN is closer to the real function than the one from the CBPN.
Finally, we study the benefit of DNN model for this calculation case. We take some points with step t ¼ 0:01 in domain ½0; 1 of the real function y ¼ x 2 to make the following set: Using formulas (27) and (28) It is interesting to note, if we choose the normalized system error the same as in the trained DNN (that is larger than one in the trained CBPN) to control training of a conventional BP network, we can get a smaller s CBPN . After 302 792 iterations, it arrives to a system error of 0.0000004569. Now, s CBPN ¼ 0:003496. That is, a larger learning error leads to a smaller estimate error. In this case B ¼ 33%.
According to the theory of the artificial neural network, the smaller the system error, the higher accurate the estimated function. The reason why this result is in contradiction with the theory is that the given patterns are so few. However it cannot lead to say that the larger the system error, the smaller the estimate error. Furthermore, it is more difficult to find a fit system error to control training. Combining above benefits calculated by different controlling parameters, roughly speaking, we can reduce the estimate error about 40% with the DNN model.
Before closing this section we would like to address the issues of scalability and complexity. Under the scalability of a system, usually its sensitivity to an (increasing) number of data points is understood. In the present case, we would have to speak of ''reverse scalability'', since our concern is the performance of the proposed system under a decreasing number of data points for training. The proposed system is robust to sparse training data. As the number of training data points increases, the performance of the system approaches that of a classical feed-forward neural network trained by a gradient descend algorithm. Under the complexity of a system, the number of elementary computation steps relative to the size of the sample is understood. Since the proposed system first generates possible new training points and then trains the neural network, the computational complexity will be higher than that of a classical neural network using some form of backpropagation, however, since the proposed system is meant to work with a small number of training points, the real increase in computing time will not be of importance in the context of improved performance.
To substantiate the special case arguments, we need more numerical results to compare the CBPN model and DNN model. We employ simulation technology to fulfill it.
Simulation experiments with small samples
In this section, we use computer simulation to prove that DNN is better than CBPN when a given sample X ¼ fðx i ; y i Þ j i ¼ 1; 2; . . . ; ng of a non-linear function y ¼ f ðxÞ is small.
As well known, the Sigmoid function used in BP networks as the activation function has output value belonging to ½0; 1. To avoid any calculation normalizing X to be in ½0; l Â ½0; 1, we only consider the X such that X & ½0; l Â ½0; 1.
Model description
Let A be a set consisting of n generated pseudo-random observations x i (i ¼ 1; 2; . . . ; n) drawn from the uniform distribution U ð0; 1Þ. A is called an input-sample. For a given function y ¼ f ðxÞ, we can have an output-sample B ¼ fy i j y i ¼ f ðx i Þ; x i 2 Ag. We use X ¼ fðx i ; y i Þ j i ¼ 1; 2; . . . ; ng to recognize y ¼ f ðxÞ by a CBPN and a DNN, respectively.
We consider the cases that n ¼ 5; 7; 9. We employ a topology 1-15-1 BP network to be a CBPN, and a topology 2-15-2 BP network to be a DNN. To train these networks, we use g ¼ 0:9 to be the momentum rate and a ¼ 0:7 to be the learning rate. For controlling the training, we set the number of iterations to be 600 000 and the normalized system error to be 0.00001. In other words, a neural network will be regarded as a trained network when it learns 600 000 times or its normalized system error is less or equal to 0.00001.
To reduce the error of the simulation experiments, we do 10 simulation experiments with different seed numbers (randomly given) for each size n. The average square error of estimates is a better index to show the quality of a model. Suppose we have done N simulations, and sðiÞ is the result from the ith simulation, the average square error is then defined by
There are many kinds of non-linear functions. However if a function has continuous derivatives up to ðn þ 1Þth order, then this function can be expanded in the following fashion:
where R n , called the remainder after n þ 1 terms, is given by
When this expansion converges over a certain range c x , that is, lim n!1 R n ¼ 0, then the expansion is called the Taylor Series of f ðxÞ expanded about a.
If a ¼ 0 the series is called the MacLaurin Series
2! x 2 þ Á Á Á Therefore, strictly speaking, if we want to prove the performance of a model with respect to all continuous non-linear functions, we have to study its performance for every term. Practically speaking, because lim n!1 R n ¼ 0, the main part of a function consists of the first four terms. It is enough to study these terms. According to the definition of the mapping w for deriving patterns, we know that, for a linear function, DNN performs as CBPN. In last section, we showed that, DNN is better than CBPN to estimate y ¼ x 2 . Hence, the next task is to study y ¼ x 3 . Then, we can consider the case including x, x 2 and x 3 . Without loss in generality, we will study
Considering the importance of the exponential function for engineering, we also study
In other words, if s DNN < s CBPN holds for both functions, then we almost obtain the conclusion: DNN is better than CBPN. We use Program 1 to generate uniform random numbers x i , i ¼ 1; 2; . . . ; n, based on seed number SEED. We also use the points of the U given in (31) as inputs to calculate outputs of function f . The square error s is calculated on these points. Tables 1-3 show the results of the simulation experiments with N ¼ 10 (number of simulations) for sample size n ¼ 5; 7, and 9, respectively. We use Fig. 5 to show the average square errors of CBPN and DNN. Obviously, DNN is better than CBPN. Furthermore, Fig. 5 suggests that the advantage of DNN will disappear as increasing the sample size n.
Estimating y
For n ¼ 5, 7, 9, using formula (29), we obtain the benefit of DNN with respect to CBPN as the following: Tables 4-6 show the results of the simulation experiments with N ¼ 10 (number of simulations) for sample size n ¼ 5; 7, and 9, respectively. Fig. 6 shows the average square errors of CBPN and DNN to estimate y ¼ 1 À e À2x 4 with a small sample, size is n. Here, DNN is also better than CBPN.
The corresponding benefits are 
Conclusion and discussion
This paper shows how the principle of information diffusion can be used to derive more patterns to partly fill up the gaps in a small sample and then we can get a better result when we employ a neural network to recognize a non-linear function. The hybrid model integrating the deriving model and a corresponding back-propagation neural network is called a diffusion-neuralnetwork (DNN). This paper gives an example and some simulation results to show that DNN is better that CBPN (conventional BP network) to estimate a non-linear function with a small sample consisting of 5-9 patterns. In the case that we use sample X ¼ fð0; 0Þ; ð1=4; 1=16Þ; ð1=2; 1=4Þ; ð3=4; 9=16Þ; ð1; 1Þg to estimate y ¼ x 2 , a DNN can reduce error about 48%. DNN can be considered as a primary model based on the principle of information diffusion to improve accuracy of artificial neural networks with respect to small samples. We have shown that, although the performance of the suggested deriving model satisfied us, this new approach is limited by the quality of the selected diffusion function. Until now we know little about how to get a good quality diffusion function to mine fuzzy information in a small sample. In some sense, the normal diffusion function used in this paper is an experimental function. The function cannot fit any case. To develop DNN model to be more powerful, the first we have to do is to discover more diffusion functions for a variety of populations from which patterns are drawn, and consider other evaluation criteria besides the square error.
